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1. INTRODUCTION 
We consider the integrodifferential equation 
for t > 0 and x = (x1 ,..., x,) E R”. Here, for each v = I,..., p, the complex- 
valued function k”(t) belongs to Cl[O, a~), Q&$) is a polynomial in 5 = 
(61 ,*-*, 5,) E 0 and Q”(D) is th e u-rear differential operator obtained by replacing 1’ 
fi by Dj = a/ax, for 1 < j < n. Recently, Davis [I, 21 investigated conditions 
which guarantee that an equation of form (L) is “hyperbolic.” Following Davis, 
we have the 
DEFINITION. Equation (L) is hyperbolic if for each g E C”(R” x [0, co)) 
satisfying g(x, t) = 0 when 1 a+ 1 > bj for j = I,..., n, there exists a unique 
solution u of (L) with D,p(x, t) E C(R” x [0, co)) for each multi-index 01 such 
that U(X, t) has finite signal speed; i.e., there eqist constants c, > 0 such that for 
t > 0, U(X, t) vanishes outside of {x: 1 xj 1 < bj + qt, j = I,..., n}. 
(We remark that this definition of hyperbolic differs slightly from that given 
in [I] and [2] since we do not require that U(X, t) E Cm(R” x (0, co)); this 
condition cannot be guaranteed without requiring that the functions k,(t) satisfy 
additional smoothness assumptions.) 
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Assume that the functions k”(t) are of exponential order, that is, there exist 
positive constants M and a such that 
(Al) I WI d Meat, t > 0. 
Let AV and ti denote the Laplace transform with respect to t and the Fourier 
transform with respect to X, respectively. If the Fourier transform of the solution 
u of(L) exists, an elementary analysis [l] implies that li(e, t) is an entire function 
of 5 for each fixed t > 0 and that ti is given by 
6$, t) = N, t) + St M(t - 7, E) N, T) dT 
0 
(1.1) 
for t > 0 and [ E C”. Here, for each fixed 5 EC”, M(t, 0 is the resolvent (see 
[6, Chap. 41) of the equation 
a([, t) = lot K(t - 7, ~2) a(& 7) dT + A%& t>, (1.2) 
where K(t, 0 is defined by 
W, 5) = f Q&) W). 
!J=l 
Equation (1.2) is obtained by formally taking the Fourier transform of both sides 
of (L). For each 5, the Laplace transform of M(t, .$) satisfies 
@kJ, 5) = a-4 E)/(l - m, 5)) 
for Re w sufficiently large. Since the functions KY(t) belong to Cl[O, co) and 
satisfy (Al), M(t, 5) is of exponential order and belongs to Cl[O, co) for each 
fixed 6 E Cn; hence, for each 5, M(t, 6) can be obtained from A?(u, 5) by the 
inversion formula (see [S]) 
(1.4) 
for sufficiently large (J = u(t). Davis then gives conditions in terms of the 
expression (1.3) for il?i which are’sufficient to ensure that Eq. (L) is hyperbolic. 
His proof uses the well-known Paley-Wiener theorem (see [3, p. 1611). 
We summarize the assumptions made in [l, 21 concerning the expression (1.3). 
For each fixed 5 EC”, &!T(w, 5) is an analytic function with at most a finite 
number s(t) of singularities ~~(6) such that 
t-42) sup s(f) = s < co, 
(A3) Re 43 = 00 E I) as 15l+~, 
(A4) Re ~~(5) is bounded for 4 E R”. 
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In addition, there exists an r > 0 and a positive function C(t) which is locally 
integrable on [0, co) such that for S(S,j) sufficiently small, 
for all 5 and 1 < j < s(t). Here C(w, 6) d enotes a circle of radius 6 about w and 
I f I = (I 51 I2 + ... + I La 12Y2* 
Using assumptions (Al)-(A5), Davis claims that by moving the path of 
integration in the inversion formula (1.4) to the left, one obtains the formula 
Formula (1.5) is correct provided that for each fixed 5 E C”, fl(w, 5) can be 
extended to be a rational function of w on all of C such that J?!(w, [) --f 0 as 
1 w / --f co. Clearly, such an extension is possible in the example considered in [l] 
where K,(t) = a,tNv-lesvt with 01, a positive integer. However, we point out that 
for this choice of K,(t) Eq. (L) may b e reduced to a partial differential equation 
with constant coefficients by an appropriate sequence of differentiations with 
respect to the t variable and algebraic manipulations. 
In general it is not possible to extend J?(w, 5) to be a rational function of w on 
all of C. An example of an Eq. (L) w h ere such an extension is impossible is given 
in Section 3. In this case the expression (1.5) for the resolvent is incomplete since 
one also obtains a “residual” term (see [7] and [5] as well as the techniques used 
in [4]) due to the fact that the Laplace transforms s(w), and consequently 
A(w, [), are not defined for Re w < a. More precisely, the expression on the 





ewtJ?(w, 5) dw 
a++-i= 
(1.6) 
for some small positive E = c(f). Thus, one must also make some assumption 
about the behavior of a(w, 6) on the vertical line w = a + E + iy, 
- 00 < y < co, in order to take the contribution to M(t, 6) from the term (1.6) 
into account. 
2. A SUFFICIENT CONDITION FOR HYPERBOLICITY 
In this section we give conditions which insure that Eq. (L) is hyperbolic in 
the general case when such a residual term is present. However, we have found 
that instead of moving the path of integration in formula (1.4) to the left, it is 
more convenient to state our results by using the inversion formula (1.4) on 
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vertical lines with large real part. In this way we are able to dispense with 
hypotheses (A2) and (A5) concerning the number of singularities of a((~, 0 and 
the behavior of &!(u, 5) near its singularities, respectively. 
In place of hypotheses (A2)-(A$ we make the following assumptions. 
(A6) There exist constants c, K, r and y satisfying c > a, K > 0, Y 3 0 and 
y>1/2suchthatforeachI~C”,R(w,Z)#lforRewZc(J51+l)and 
I J%JJ, f)I d KU + I f I)‘(1 + I Y P--l (2.1) 
for w = c(j 5 I + 1) + iy, -cc <y < co. 
(A7) There exist constants b, K, Y, and y satisfying b > a, K > 0, r 3 0, and 
y > + such that for each 7 E R”, K((w, 7) # 1 for Re w 2 b and (2.1) holds with 
E replaced by 11 for w = b + iy, -CO < y < CO. We have 
THEOREM. If (Al), (A6), and (A7) hold, then Eq. (L) is hyperbolic. 
Proof. In order to apply the Paley-Wiener theorem, we must find suitable 
upper bounds for the integral term in formula (1.1). 
Fix 5 E 0 and let a nonnegative integer N and t > 0 be given. Since 
a(,, 6) # 1 for Re w > c( 1 [ 1 + 1) and a(,, 6) -+ 0 as j w I--+ co in Re w >, 
a + E, we may shift the path of integration in the inversion formula and express 
M(t, E) by the integral in (1.4) with (T replaced by c(j [ 1 + 1). An application 
of Plancherel’s theorem together with hypothesis (2.1) yields 
j” I M(T, f)I” dT < exp 241 f I + 1) t jt I M(T, 5) exp(--c(/ 5 I + 1) 7)12 dT 
0 0 
G&exp2c(151+1)tjm l@(4151+l)+iy,5)/2dy --co 
< & exp 24 f I + 1) tK2U + I f l)2r 1-t (1 +d;y ,y)2 
= Ki2(1 + I E l)27 exp 241 6 I + 1) t 
where Kl is a positive constant independent of [. 
Using Holder’s inequality together with the above inequality, we obtain 
< (1 + j f I)N 1 jot 1 M(T> f)12 dT jOt I6(f, T)I” dT/ 
< K,(l + I f )N+r Iit I d(f, ~)l” dT/l” exP 4 8 
112 
I + 1) t. (2.2) 
HYPERBOLIC INTEGRODIFFERENTIAL EQUATIONS 55 
Since g(x, t) E Cm(Rn x [0, CO)) and g(x, t) = 0 for 1 xi / > bj , for each non- 
negative integer N, there exists a positive continuous function CrJ(t) such that 
(2.3) 
for all 5 EC”. Substituting the inequality (2.3) with N replaced by N + r into 
(2.2) yields 
(1 + I 5 IIN 1 l M(t - 7, 6>6(5‘, 4 dT 1 < h(t) exp il 6 + 4 I 6 I (2.4) 
where KM(t) > 0 depends on N and t, but is independent of 1. Finally, in- 
equalities (2.3) and (2.4) together with Eq. (1.1) yield 
(1 + I 5 l)“l fY5, 9 d (GM + K&N exp jJ Vj + 4 I i5 I 
j=l 
w5) 
for each [ E C” and each nonnegative integer N. 
An argument similar to that of the preceding paragraph in which hypothesis 
(A7) is used in place of (A6) yields, f or each nonnegative integer N, a positive 
continuous function BJt) such that 
(1 + I rl I)” I e> 0 G %W (2.6) 
for all 7 E R”. 
Finally, since zi(f, t) is an entire function of 5 which satisfies the inequalities 
(2.5) and (2.6), the Paley-Wiener theorem may be used to show that for each 
t > 0, U(X, t) = 0 outside of (x: I xj 1 < bj + ct}. Moreover, since the Fourier 
transform of D&x, t) is ($p A([, t) f or every multi-index LY, and since a(~, t) is 
in C(R” x [0, 03)), inequality (2.6) may be used to show that D&x, t) E 
C(R” x [0, co)) and the proof of the theorem is complete. 
3. AN EXAMPLE 
In this section we give an example of an equation of the form (L) to which the 
test for hyperbolicity in [l, 21 may not be applied, but which may be shown to be 
hyperbolic by our theorem. 
Consider 
u(x, t) = St k(t - T) AZ@, T) dT + g(x, t) 
0 
(3.1) 
where d = cj”=, a2/axj2 is the Laplacian. Define k(t) by 
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for some a > 0. Here w1/2 denotes the principal value of ~11~. Since 
(~2 + &a)-1 = w-~ - (~‘1~ + w2)-l, K(t) = t - K,(t) with K,(t) E Cr[O, co); 
hence k(t) E C1[O, co). M oreover, assumption (Al) holds for any a > 0. For 
Eq. (3.1), Q is given by Q(E) = I,“=, fj2; thus expression (1.3) for A?~(w, [) 
becomes 
@h 5) = - (i q-2 + (w)l/2 + f (4 
j=l j=l 
(3.2) 
for each [ EC” and Re w sufficiently large. Clearly, for each 5, the right side 
of (3.2) has a branch point at w = 0 and the test for hyperbolicity in [l, 21 does 
not apply. However, for this m(w, .$ it is easy to verify that assumption (A6) 
holds with c = K = r = 2 and y = 1, and that (A7) holds with b = y = 1 and 
K=r==2. 
We remark that it is not difficult to construct other examples to which our 
test for hyperbolicity may be applied. However, it appears to be a somewhat 
complicated problem to give general hypotheses in terms of the original kernels 
k”(t) and operators Q”(D) which will ensure that the hypotheses (A6) and (A7) are 
satisfied. 
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